INTRODUCTION
Thermocapillary flow instability is known to occur in many natural and industrial processes. It was first predicted by Pearson (1958) . Smith and Davis (1983) considered a steady shear flow by imposing a temperature gradient along a layer and driving the motion by thermocapillarity. Burelbach et al. (1988) within the framework of the thin layer approach, and taking into account thermocapillarity and evaporation, considered rupture of a film placed on a solid substrate and heated from below. They showed that under the influence of a certain type of heat flux, film rupture can occur with drop formation. Krishnamoorthy et al. (1995) investigated numerically the spontaneous rupture of liquid film placed on a horizontal heated plate with periodic boundary conditions in the horizontal direction using the full Navier-Stokes equations. They showed that dynamical thinning, leading to spontaneous rupture, occurs in the form of fingers on the film free surface. Boos and Thess (1999) considered a two-dimensional (2D) solution for a similar problem using the Stokes approximation and boundary integral method to obtain a numerical solution. They investigated the formation of drained regions and cascades of small structures (fingers), where the emerging convective motion in the film was accompanied by vortex formations both outside the drained region and inside the fingers. Oron (2000) studied the three-dimensional evolution of long-wave Marangoni instability of a thin liquid film placed on a heated plate from below with periodic boundary conditions in the rectangular domain and of the initial condition for various types of thermal load. As in 2D models, the mechanism of fingering was found to be the main route to rupture; however, in contrast to the dynamics in two dimensions the evolution of the interface in three dimensions may strongly depend on the choice of initial conditions. Various aspects relating to thermocapillary effects in liquid films were investigated theoretically and experimentally by Cazabat et al. (1990) , Fischer et al. (2001) , Chen et al. (2005) , Troian (2004), and McLeod et al. (2011) . Bezuglyi et al. (2001) considered the stationary case of thermocapillary deformation of a thin liquid layer induced by a laser. The numerical estimates of the deformation profile were in agreement with the experimental data. Wedershoven et al. (2014) performed a quantitative and systematic experimental and numerical study of the laser-induced rupture of partially wetting liquid films. For the numerical solution, Wedershoven et al. (2014) 
coordinates ω vorticity of the liquid film thickness, and they obtained excellent agreement using a disjoining pressure potential determined independently.
In our work, we consider the rupture of a liquid film placed on a solid substrate and heated from above by a thermal beam. The lower boundary of the film is heat insulated. Our primary interest in this paper is to investigate convective flows in the film emerging as a result of the action of the thermal load. For that purpose, we utilize the Navier-Stokes equations with gravity. The kinematic and dynamic conditions are met on the free film surface. In this study, special attention is focused on the derivation of the boundary conditions on the interfaces between the film and gas.
MATHEMATICAL DESCRIPTION OF THE PROBLEM
A plane thin liquid film with density ρ, kinematical viscosity ν, and coefficient of surface tension σ(T ) is located on a solid substrate. It is bounded by two solid planes x = 0 and x = L (see Fig. 1 ). Here, y = f (t, x) is the free surface of the film in selected coordinates; h 0 is the film thickness at initial time moment; and g is the vector of the gravity. The concentrated thermal load acts on the free surface of the film in the form of a thermal beam with a width d. Under the action of the thermal load, the film changes its shape and later ruptures. Assuming that the liquid is incompressible, and the density and viscosity are constant, we describe the film motion and the heat transfer using the Navier-Stokes equations, which are written in terms of the stream function (ψ), vorticity (ω), and heat transfer equation for temperature (θ) (Kochin et al., 1963; Roache, 1976) as follows:
FIG. 1:
Sketch showing the action of a thermal beam on the film free surface.
The scales of the length, velocity, and pressure are h 0 , ν/h 0 , and ρv 2 0 , respectively, such that the Reynolds number is Re = 1. Here, Pr is the Prandtl number, and θ = (T − T 0 )/δT (where T 0 is the characteristic temperature and δT is the temperature drop). The stream function and vorticity are defined by the following relationships:
where u and v are the horizontal and vertical components of velocity v in selected coordinates (see Fig. 1 ). We assume that the initial conditions reflect the fact that the film is plane and does not move and that temperature θ(0, x, y) = 0. In order to solve problems (1)- (3) numerically it is necessary to determine the boundary conditions for these equations for the whole area.
Boundary Conditions for the Temperature
A thermal beam acting on a free surface f (t, x) creates a temperature distribution on the free surface. In numerical calculations, this temperature distribution on the free surface is modeled as a prescribed temperature on this surface. In this study, we consider the concentrated thermal load action made by a thermal beam directed to a free film surface. To formulate the boundary conditions for the temperature on the free surface, y = f (t, x), corresponding to the action of the thermal load, we introduce the following designations:
We use the following temperature distribution (see Fig. 2 ) on the film free surface for t > 0: where
Here, h 0 is the thickness of the film at the initial time moment, and m is the positive number that determines the width of the heat beam acting on the film free surface. Thus, the graph of function θ * (x) is some trapezoid with a height A and curvilinear sides, where a > 0 determines the slope of the curvilinear sides. We can always choose the value a, such that x 1 and x 2 (as well as x 3 and x 4 ) will be in the position of contiguous points on the computational grid. This presentation of function θ(t, x) ensures both the continuity of the temperature function and the continuity of its derivative along the film free surface. In addition, the temperature function thus defined completely reflects the conditions of the physical experiment because a thermal beam is always somewhat blurred on its edges.
We consider the case in which the film on a solid substrate is heat insulated. Then, on the lower boundary of the film y = 0 and the boundary condition for the temperature is ∂θ/∂n = 0. On the solid walls x = 0 and x = L, and temperature θ(t) = 0.
Boundary Conditions on the Free Gas-Film Surface, y = f (t, x)
Let us express the normal and tangent vectors to the free surface, y = f (t, x), at an arbitrary point as follows:
and assume that the coefficient of surface tension σ(T ) is a linear function of the temperature
where σ 0 = σ(T 0 ) and σ T > 0. The boundary conditions at the free surface are specified in the form of the following kinematic condition:
and the dynamic condition (Napolitano, 1979; Andreev et al., 2012) . Ignoring the evaporation (condensation) processes and the effect of the dynamic characteristics of the gas on the motion of the liquid, the dynamic condition at the film-gas interface can be written asD
where R is the radius of the curvature of free surface f (t, x); ∇σ(T ) is the surface tension gradient along the surface; andD is the stress tensor, defined as follows:
In order to obtain the boundary conditions for the solution of the motion equations from balance relationship (6), we use the method of reducing the solution to the boundary where these balance relationships are specified. The implementation of this method is similar to the well-known procedure of reducing the solution to the boundary for an ideal fluid. However, there are a number of significant differences related to the viscosity of the liquid. Subsequently, we provide a derivation of the boundary conditions on the free gas-film surface, y = f (t, x), for the nonlinear equations of the viscous liquid. Let us write two consequences from dynamic condition (6): the condition of continuity of the tangent stress vector
and the condition of continuity of the normal stress vector
Using kinematic condition (5) and Eq. (2), we can reduce the condition of continuity of tangent stress (7) to the following form:
∂T ∂s which can be used both as the modified condition of continuity of the tangent stress and the formula for the definition of the vorticity on the free surface. Condition (8) can be transformed into the following form:
Now, we project the Navier-Stokes vector equation written as follows in natural variables, i.e., velocity v and pressure P :
onto the direction of the tangent to the free surface, y = f (t, x), i.e., we take the scalar product of this equation with tangent vector s (t, x). As a result, we obtain a scalar equation for function v s , which has the following meaning of the tangential velocity of the points on the free surface:
The right-hand side of this equation contains the derivative ∂P/∂s, which can be eliminated by differentiating Eq. (9) with respect to s. After scaling, we obtain
where
Here, v s and v n are the tangent and normal velocities of the points on free surface f (t, x); Ca = ρv 0 ν/σ 0 is the capillary number; G = g 0 h 0 /v 2 0 ; and Cr = σ T δT /σ 0 is the crispation number. To determine the shape of the free surface f (t, x), the kinematical condition is exploited
The boundary conditions on the free surface f (t, x) necessary for the solution of Eqs.
(1) and (2) now can be written in the following explicit form:
where v s is the solution to Eq. (10); and Mn = σ T δT /ρv 0 ν is the Marangoni number. Equation (10) has a vivid physical interpretation. Heating of any part of the free surface creates a temperature gradient along the free surface and a change of the surface tension that, in turn, results in tangential stress along the free surface in the direction of the decrease of the temperature (Landau and Lifshitz, 1987) . These thermocapillary stresses are responsible for the initial perturbations and initiation of the convective flows, whereas the dissipative effects (such as the viscosity and thermal conductivity) hinder the development of liquid motion (Gershuni and Zhukhovitskii, 1976) . Because the medium tends to preserve its continuity and prevent rupture, the liquid-gas interface has to deform. Balance relationship (6), which is intended to preserve the continuity of the medium, is transformed into Eq. (10), and the solution of this equation determines the boundary conditions needed to solve the equations of motion for which the medium would maintain its continuity. In expression (11) for F , the first term represents the thermocapillary forces, and the second term represents the capillary forces. Turn to the term on the right-hand side of Eq. (10) Ca −1 ∂ ∂s
Obviously, surface tension σσ should be positive. Hence, it is necessary that
The crispation number, Cr, is the parameter that characterizes the degree of deformability of the film by thermocapillary forces, which is connected to the Marangoni number and the capillary number as Cr = CaMn. The governing parameters of the problem may take various values; however, the composition CaMnθ must be less than 1. This condition is a natural limitation of the scope of the model. In this case, we will obtain a continuous solution to Eq. (10).
In physical experiments, this means that at first the film changes its form and the thickness in the points of potential practically rupture until zero and then rupture. On the lower film boundary at y = 0, and on the solid walls at x = 0 and x = L, there are valid nonslip conditions: ψ = 0, ∂ψ/∂n = 0. We apply Thom's condition to connect the stream function and the vorticity on these boundaries. A detailed derivation of this and the other conditions used to determine the value of the vorticity on a solid wall can be found in Roache (1976) . Now that the boundary conditions for Eqs. (1)- (3) are defined, we can briefly describe our algorithm for solving the problem. For the computational solution, we utilize the finite-difference method. Suppose that the distributions of the stream function, vorticity, and temperature, as well as the location of free surface f (t, x), are known at an instant t n = nτ (where τ is the time step). The problem can be solved as follows: -Stage 1: Equation (13) is solved to find the new location of free surface f (t, x) and normal velocity v n [using Eq. (12) ] of this surface at t n+1 = (n + 1) τ.
-Stage 2: Equation (10) is solved to find v s and define the boundary conditions for the solution of Eqs. (1)- (2), using formulas (14) and (15).
-Stage 3: Because all boundary conditions now are written in explicit form, we solve Eqs. (3), (1), and (2) sequentially to obtain new distributions of the temperature, vorticity, and stream function at time moment t n+1 . We make the iteration process for every time step; the iterations are required due to the nonlinearity of Eqs. (1) and (3).
This completes the transition to the next time step. In this study, the calculations were stopped at the moment when condition min h/h 0 < 0.005 was met because the van der Waals forces, which were not included in our model, became significant and eventually caused the film to break. A detailed description of the numerical method used in the problem with the free liquid-gas surface can be found, for example, in Ovcharova and Stankous (2007) .
RESULTS AND DISCUSSION
In order to identify the features of the film rupture, we performed computational investigations using the following parameters: Re = 1; Ca = 0.025, G = 1; Mn = 15; Pr = 1, film length-to-thickness ratio L/h 0 = 90, and thermal beam width d = 6h 0 (where h 0 is the film thickness at the initial moment). Ovcharova (2011) showed that film rupture happens with the generation of the drop for this type of thermal load in freely hanging film. When the film is located on a solid substrate its rupture also occurs with the drop formation. At the same time, the convective flows followed by the drop formation have some specific features that do not exist in the rupture of freely hanging films under identical thermal load without gravity. Figure 3 shows the typical free surface position for the aforementioned governing parameters and different thermal loads. As one can see from Fig. 3 , if the thermal load decreases, not only will the height of the drop decrease but also its length in the direction of the axis x. Figure 4 presents the free surface shape and convective flow in the film for different time moments and under the previously indicated parameters, where θ * = 1. As follows from Fig. 4 , under such a thermal load, film thinning is accompanied by two vortex formations. The area of these vortexes is quite small: in the direction of the axis x, it is about the film thickness at the initial moment, i.e., h 0 . However, as the development of convective flow progresses, the film free surface destructs these vortex formations (see Fig. 5 ). The film rupture is very rapid, and occurs with the drop generation, whose length along the axis x is equal to the width of the thermal load, d = 6h 0 . Figure 6 shows the development of the convective motion in the film (up to the rupture) for a significantly lower thermal load at θ * = 0.25. In this case, the film thinning is accompanied by two vortex formations, and those formations hold until film rupture. At the same time, one can see a significant decrease in the drop length in the direction of the axis x, and a significant increase (more than 10 times) of the film lifetime. Despite this, one should not expect that film rupture can occur in one point under the further decrease of the thermal load. Recall that under the present model, we define film rupture as the point in which the film thickness reaches an initially defined minimum. That minimum is equal to 0.005 in our computations. On the other hand, one can see from Eq. (10) that the film rupture occurs when thermocapillary forces are stronger than capillary forces at least at one point. For these specific boundary conditions for the temperature [see Eq. (4)], there are two such points. Because y = f (t, x) is supposed to be a continuously differentiated function, one local nonzero maximum of function y = f (t, x) should exist between two local minimums. For this reason, film rupture will always occur with droplet formation for such types of the thermal load. 
CONCLUSIONS
The specific features of the convective motions in a liquid film placed on a solid substrate and heated from above have been considered. A thermal beam directed to the free film surface creates thermocapillary stresses on it, which lead to liquid disturbances and development of convective flows. The computational results show that such convective motions, which occur in liquid films under such thermal loads, are accompanied by two vortex formations. Their appearance is due to a combination of factors: the solid substrate and specific conditions for the temperature on the free surface. These vortex formations narrow the droplet size in the longitudinal direction, which are removed by the Marangoni effect. If the thermal load is large enough the vortices disappear at the moment of film rupture because of the rapid movement of the film free surface. If the thermal load is not that large the vortex formations are preserved up to the rupture moment.
FIG. 6:
Free surface shape and liquid motion picture in the film at different time moments for θ * = 0.25: (a) corresponds to t * = 17.6; (b) corresponds to the moment of the film rupture, t * = 35.3.
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